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External electric-field effect on nematic anchoring energy
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The influence of an external field on the effective anchoring energy of a nematic liquid crystal in contact
with a substrate is theoretically analyzed. Our analysis is performed on the hypothesis that the electrodes are
perfectly blocking and that there is no selective ion adsorption. The proposed theory predicts an effective
anchoring energy dependent on the applied dc voltage. According to the sign of the dielectric anisotropy and
of the flexoelectric coefficient the dependence of the anchoring energy strength with the bias can be monotonic
or not. For large bias voltage the effective anchoring energy strength tends to a constant value. Our theory is
in qualitative agreement with published data investigating the influence of the bias on the saturation voltage.
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I. INTRODUCTION

The influence of the selective ionic adsorption on the
isotropic part of the anchoring energy strength has been
cussed by several authors in the last years@1–15#. According
to the proposed models@2,3#, the adsorption phenomenon
responsible for an ionic separation inside the liquid. To t
charge separation is connected an electric-field distribu
across the sample. The coupling of this field with the diel
tric @16# and flexoelectric@17# properties of the liquid crysta
gives rise to a dielectric energy density, localized near to
limiting surfaces, on mesoscopic thicknesses. This ene
can be considered as a surface energy, which renorma
the anisotropic part of the interfacial energy characteriz
the interface nematic liquid-crystal substrate. The distri
tion of the field across the sample and its connection with
adsorption energy has been recently discussed in@6,18,19#.
In the case in which the phenomenon of selective adsorp
is absent because the adsorption energy for positive
negative ions is the same, the effect discussed abov
absent.

In this paper, we analyze the influence of an external e
tric field on the nematic anchoring energy when the selec
ion adsorption can be neglected. We show that the ch
separation induced by the external field gives rise to an ef
similar to the one connected to the selective ion adsorpt
It is responsible for a bias-voltage dependence of the ef
tive surface energy@14#. Our paper is organized as follow
In Sec. II the description of a liquid containing ions subm
ted to a dc electric field is presented. The analysis is p
formed in the framework of Poisson-Boltzmann theory. T
peculiarities of the field distribution across the cell and
non-Debye’s screening are discussed in the same sec
The particular cases relevant to small and large bias vol
are presented in Sec. III. In Sec. IV, we evaluate the die
tric contribution to the surface energy and its dependence
the bias voltage. Section V is devoted to the conclusio
where our results are critically analyzed.

II. POISSON-BOLTZMANN THEORY FOR A LIQUID
SUBMITTED TO AN EXTERNAL FIELD

Let us consider an isotropic liquid limited by two nona
sorbing surfaces, at a distanced apart. Thez axis is normal to
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the bounding surfaces, with the origin in the middle of t
sample. The liquid is supposed to contain ions. In the
sence of external electric field the liquid is globally and l
cally neutral, i.e.,n1(z)5n2(z)5n0. If U is the difference
of potential across the sample due to the external power
ply we have, according to Poisson-Boltzmann theory

n6~z!5ne7c(z), ~1!

where

c~z!5
qV~z!

kBT
~2!

is the electric potential inkBT/q units andn is the density of
ions wherec50. Equation~1! has been obtained by assum
ing V(6d/2)56U/2, i.e., V(z)52V(2z). In Eq. ~1! n
5n6(0) has to be determined by imposing the conservat
of the number of ions. From Eq.~1! the bulk density of
electric charge is

r~z!5q@n1~z!2n2~z!#522nq sinhc~z!. ~3!

A simple calculation shows that

E
2d/2

d/2

r~z!dz522nqE
2d/2

d/2

sinhc~z!dz50, ~4!

as required.
The conservation of the number of ions implies that

n0d5E
2d/2

d/2

n1~z!dz. ~5!

The distribution ofc(z) across the sample is obtained b
solving the Poisson equationd2V/dz252(r/e), that by tak-
ing into account Eq.~3! reads

d2c

dz2
5

1

l2
sinhc~z!, ~6!

with the boundary conditions
©2002 The American Physical Society21-1
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c~6d/2!56u56
1

2

qU

kBT
. ~7!

In Eq. ~6!, l is the effective Debye screening length of t
liquid when the bias voltage isU. It is given by

l25
ekBT

2q2n
5

n0

n
l0

2 , ~8!

where l0
25ekBT/(2q2n0) is the usual Debye screenin

length@20#. In the present probleml depends on the applie
voltage.

From Eq.~6! we easily obtain

dc

dz
5

A2

l
Acoshc1k, ~9!

wherek is an integration constant, whose value is direc
connected with the electric field atz50 by

k5
l2

2 S dc

dzD
0

2

21. ~10!

In particular, if (dc/dz)050, k521 and Eq.~9! can be
easily integrated. This case will be considered in the n
section. By means of Eqs.~9! and ~8!, we can rewrite Eqs
~5! and ~7! in the form

J~k,u!5A2
dl

l0
2

~11!

and

I ~k,u!5A2
d

l
, ~12!

respectively, where

J~k,u!5E
2u

u e2c

Acoshc1k
dc

and

I ~k,u!5E
2u

u 1

Acoshc1k
dc. ~13!

From Eqs.~11! and ~12! we obtain

I ~k,u!J~k,u!52S d

l0
D 2

, ~14!

which determinesk5k(U). When this quantity is known
the effective Debye screening length is

l5A2
d

I ~k,u!
. ~15!

In Fig. 1, k5k(U) is reported for d510 mm and l0
03172
xt

50.36mm, typical for a nematic cell made with commerci
liquid crystal@21,22#. As it follows from this figure, for bias
voltage in the range 0<U<0.2 V, (dc/dz)0'0, which im-
plies that the electric field forz50 vanishes. This means tha
for small bias voltage, the ionic charges screen comple
the field due to the external power supply. The liquid b
haves as a conductor: the ions move until the electric fi
inside it vanishes. In this case the electric field is localiz
close to the bounding surfaces over a thickness of the o
of l05l(0).

In Fig. 2, we showl5l(U). As it is expected, forU
→0, l→l0. On the contrary for largeU, l→` because all
the ions are pushed at the surfaces, and there are no
ions in the liquid, which becomes a true insulating mater

III. LIMITING CASES OF SMALL AND LARGE BIAS
VOLTAGE

The reduced voltage across the samplec(z) for arbitrary
bias voltages has been obtained in the previous section. N
we consider the particular cases of small and large bias v

FIG. 1. Integration constantk versus the applied voltageU. For
smallU, k→21. In this situation the electric field atz50 vanishes.
For d510 mm andl050.36mm, this happens forU,0.2 V.

FIG. 2. Effective Debye’s screening lengthl versus the applied
voltageU. ForU→0, l→l0. For largeU all the ions are pushed a
the surfaces, and the liquid behaves as a perfect insulator, for w
l→`. The curve refers tod510 mm andl050.36mm.
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age. In the case of a small applied voltage (u5qU/2kBT
!1), uc(z)u<u!1. Consequently, the solution of Eq.~6!
with the boundary conditions~7! is

c~z!5u
sinh~z/l!

sinh~d/2l!
. ~16!

In this case

e2c(z)'12c~z!512u
sinh~z/l!

sinh~d/2l!
~17!

and Eq.~5! givesn'n0, which implies

l5l01O~u2!. ~18!

It follows that in the considered limit, Eq.~16! reads

c~z!5u
sinh~z/l0!

sinh~d/2l0!
. ~19!

The charge distributions are then obtained by means of
relations~1!, and in the present case are found to be

n6~z!5n0F17u
sinh~z/l0!

sinh~d/2l0!G . ~20!

As expected, the positive ions are collected near the nega
electrode, and the negative ions near to the positive one
surface layers of thickness of the order ofl0. Another im-
portant particular case is the one in whichk is very close to
21. As underlined above, in this situation the electric field
the middle of the sample vanishes. By assumingk521, the
solution of Eq.~6!, with the boundary conditions~7! is

c~z!5c2~z!1c1~z!, ~21!

where

c652 lnF16ge(z7d/2)/l0

17ge(z7d/2)/l0
G , ~22!

whereg5tanh(u/4). In this limit the total electric potentia
c(z) is obtained by adding the potentialc2(z) and c1(z)
created by the two surfaces separately. This means tha
sample is considered as formed by two half spaces. T
approximation works well ifd/2l0 is very large.

Let us consider, finally, the case of large applied volta
(u5qU/2kBT@1). In this situation practically all the ion
are collected at the surfaces, and in the bulk the liquid can
considered as a perfect insulator. In a first approximation
electric potential across the sample is given by

c0~z!'2u
z

d
. ~23!

By substituting Eq.~23! into Eq. ~5! we obtain

n52un0e2u, ~24!

and, using Eq.~8! the effective Debye screening length is
03172
e
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l25l0
2 eu

u
, ~25!

showing that foru→`, l→` too. By means of Eq.~24! the
charge distributions across the sample are found to be

n6~z!52un0e[ 2u(162z/d)] . ~26!

In particular, n1(2d/2)5n2(d/2)52n0u. Equation ~26!
shows that in the considered limit of large bias voltage,
ionic charges are confined in a surface layer whose thickn
is of the order of d/2u. Hence, for d/2u'l0, i.e., u
'd/2l0 the thickness of the surface layer is comparable w
the Debye screening length.

By putting c(z)5c0(z)1c1(z) into Eq. ~6! and taking
into account Eq.~25! and the boundary conditions~7! we
obtain

c1~z!52
e2u

u S d

2l0
D 2

sinhuF22
z

d
1

sinh~2uz/d!

sinhu G .
~27!

Consequently, since in the present limitu@1 and, hence,
sinhu'eu/2, we have forc(z) the expression

c~z!52u
z

d F12
1

u2 S d

2l0
D 2G12

e2u

u S d

2l0
D 2

sinhS 2u
z

dD .

~28!

From this equation we derive that, in the considered case
the bulk, the electrical potential is approximately given b

cB~z!52u
z

d F12
1

u2 S d

2l0
D 2G . ~29!

Equation~29! shows that the presence of the ionic charg
reduce the effective potential. The trend ofc(z) differs from
cB(z) mainly close to the surfaces atz56d/2, for a quantity

Dc~z!52
e2u

u S d

2l0
D 2

sinhS 2u
z

dD . ~30!

As it follows from Eq. ~28! the analysis presented abov
holds for (d/2l0u)2!1, which impliesu@d/2l0, or if d
'10 mm andl0'0.36mm we haveU@0.8 V.

In Fig. 3, the potential across the sample, numerica
evaluated by means of Eq.~9! with k and l given by Eqs.
~14! and ~15!, respectively, is shown for different bias vol
ages. The trend agrees with the one discussed above. In
4, the electric field in the bulkEB5E(0) for differentl0 is
reported. As expected, the presence of the surface charg
ionic origin reduces the bulk electric field. This reduction
for commercial liquid crystals, rather important. In fact, for
bias voltage of the order of 1 V the actual bulk field is ne
ligible with respect to the one in the absence of the ions
follows that to identify the bulk electric field with the applie
one is not correct.
1-3
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IV. CONTRIBUTION TO THE SURFACE ENERGY
OF DIELECTRIC ORIGIN

In previous sections, we have evaluated the influence
the ionic charge on the electric potential across a sampl
an isotropic liquid. If the liquid is an anisotropic fluid, as
nematic liquid crystal, in a first approximation the elect
potential is still given by the equations reported above. Ho
ever, in this event the presence of the ionic charges gives
to a surplus of surface energy characterizing the nem
liquid-crystal-substrate interface. To evaluate the dielec
contributions to the surface energy we have to take into
count the coupling of the external field with the dielect
anisotropy,f D , and with the flexoelectric properties of th
liquid crystal, f Q @2,3,16,17#.

The quantitiesf D and f Q , which are bulk energy densi
ties, are given by

f D52
1

2
eaE~z!2 cos2u ~31!

and

FIG. 3. Voltage V(z) versus z, for d510 mm and l
50.36mm. For smallU, E vanishes atz50. ~a! U50.2 V, ~b! U
50.4 V, and~c! U50.8 V.
03172
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f Q5eS cos2u2
1

3DdE

dz
, ~32!

whereu5cos21(nW•zW) is the angle formed by the nematic d
rectornW with the z axis. Furthermore,ea5e i2e' is the di-
electric anisotropy (i and' refer tonW ), ande5e111e33 the
total flexoelectric coefficient@2,3,16,17#.

Let us indicate byEB5E(0) and byES5E(d/2) the val-
ues of the electric field in the middle and at the surface of
sample. The dielectric energy, per unit surface, is

FE5E
2d/2

d/2 F2
1

2
eaE~z!2 cos2u1eS cos2u2

1

3DdE

dzGdz.

~33!

This quantity can be written as

FE5E
2d/2

d/2 F2
1

2
ea@E~z!22EB

2 #cos2u1eS cos2u2
1

3D
3S dE

dz
2

dEB

dz D Gdz1E
2d/2

d/2 F2
1

2
eaEB~z!2

3cos2u

1eS cos2u2
1

3DdEB

dz Gdz. ~34!

Taking into account thatE(z) is changing very rapidly close
to the limiting surfaces we can put Eq.~34! in the form

FE5 f 11 f 21E
2d/2

d/2 F2
1

2
eaEB~z!2 cos2u

1eS cos2u2
1

3D dEB

dz Gdz, ~35!

where

FIG. 4. Bulk electric fieldEB5E(0) versus the bias voltageU
for d510 mm, l0→` ~solid!, l050.36mm ~dotted!, l0

50.1 mm ~dash-dotted!.
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f 152
1

2
ea cos2u1E

2d/2

0

@E2~z!2EB
2 #dz2eS cos2u12

1

3D
3~ES2EB! ~36!

and

f 252
1

2
ea cos2u2E

0

d/2

@E2~z!2EB
2 #dz1eS cos2u22

1

3D
3~ES2EB!, ~37!

with u15u(2d/2) andu25u(d/2). f 1 and f 2 are the dielec-
tric contributions, due to the ions, to the surface energy. T
relevant anchoring energy strengths, coinciding with the
efficient of cos2 ui ( i 51,2), are then

WD52
1

2
eaE

0

d/2

@E2~z!2EB
2 #dz ~38!

and

WQ56e~ES2EB!, ~39!

where6 refer toz56d/2. Using now Eq.~9! and boundary
conditions~7!, WD andWQ can be written as

WD52
1

2
eaS kBT

q D 2A2

l E
0

u coshc

Acoshc1k
dc ~40!

and

WQ56e
kBT

q

A2

l
~Acoshu1k2A11k!. ~41!

In Fig. 5, we report the quantityWE5WD1WQ versus the
bias voltageU for ea510 and typical values ofe.

As it is evident from Fig. 5,WE tends to a saturation
voltage for large bias, as experimentally observed@14#. In
the limit of small voltage, wherek'21, using Eq.~21! and
Eq. ~37!, we obtain~for z5d/2)

WE522
kBT

ql0
F2ea

kBT

q
sinh2S u

4D1e sinhS u

2D G . ~42!

This equation shows that according to the value ofe/ea are
possible nonmonotonic behaviors ofWE(U). For large bias
voltage, using Eq.~28! we obtain~for z5d/2)

WE52
1

2 S ea

kBT

q
1eD kBT

q

d

l0
2

1O~u21!. ~43!
03172
e
-

From this equation we can estimate the order of magnit
of the renormalization of the bare anchoring energy due
the ions dissolved in the liquid crystal. Ifea510e0 , e
510211 C/m @23–25#, l050.36mm @21,22#, and d
510 mm, the saturation value forWE is of the order of
1025 J/m2. However, if l050.1 mm, WE tends to
1024 J/m2. In other words, the saturation value ofWE
strongly depends onl0.

V. CONCLUSIONS

We have analyzed the effect of a bias voltage on the io
distribution in a liquid sample, in the shape of a slab. T
case in which the liquid is a nematic liquid crystal has a
been considered. In this case we have shown that the no
mogeneous distribution of the electric field can be descri
by means of a surface energy of dielectric origin. It is due
the coupling of the electric field with the dielectric anis
tropy and with the quadrupolar properties of the liquid cry
tal. The surface energy of dielectric origin is bias depend
and tends to a saturation value for large applied voltage
value ranges, for typical values ofea ande, from 531025 to
1024 J/m2, for 0.1 mm<l0<0.36mm. This means that in
the presence of a dc voltage the renormalization of the
choring energy due to the bias could be important. To neg
it can be the source of mistakes in the determination of
flexoelectric coefficients.

FIG. 5. Dielectric contribution to the surface energyWE versus
the applied voltageU for ea510e0 , d510 mm, l050.36mm and
~a! e55310211 C/m ~solid!, e510211 C/m ~dotted!, and e55
310212 C/m ~dashed!; ~b! e525310212 C/m ~solid!, e
5210211 C/m ~dotted!; ande525310211 C/m ~dashed!, and~c!
comparison ofWE versusU for e55310211 C/m ~dashed! and e
525310211 C/m ~solid!.
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